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Definitions:
A vertex v is o ats Vetex f G-y is ndt coredted
Aﬂe&geeisaafce({geiFﬁ—eis hot connected. can ke i tedf

Jet w be Hhe vt of & sustree Tof'v, % be o desendant oht./
Dgﬁy\e, low(ub = mn fol(w): (’K, w\ IS a r\oY\-Jcree e&@@j /
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(&) Suppose w1 discovered. firt in the and DS, Then since Hhere 5 o path u>v i Hhe reverse gmf}l» v is dsovered before,
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Misun. | Syaring Tree - (MST)
I verlices = -1 edges in ST
Kouske"s Algorithm.
Comectmess:

Pase case: 1= 0 ‘biviani,i e

Assume by induction. there is @ MsT mah:hinﬁ—r onthe st 1t nges
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Foof: ). M s Sfanhirg"bge
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Friosty Quese
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It gph v o\fgrafh Ge g, wE=>Rsa, seV
Odpit: shotest pas fiom § 1o veny o vetex v
Tdea- qow e of shortest Faﬁ\s d’prhrg from 5.

Genenl S&Je

We have a e of Shortest Pwuns Yo al verbices in 2t B
Tntially B=7s3

Chose edge (x y) .« xe . 4B Yo minimze dls.x)+ulx g , where  dcs ) is known miimum dislanee from s o
Gl s yivvimum  distoge d 0\@@ e d
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Siele Sure | Shortest Faths  Bellman - fond,

Te arigrol cpplication of dianic. prograning
Eélﬁe lA)e'gRCS hay be neogtive bt o nephive we}ﬂkk cy;c\e is alowed.
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Al Rurs Sortest Rebhs - Flud - Weasll,
S&P =1 intermediate Paﬁ\ oy contain Vi, -, Vi-i
V
u/\/
Vi

Q doices . use v: o0 nab

0 if u=v
Dol v ] = {w(u, v) use (u,v)e E
o dhense

Dilw v] = min § Diet [ i+ Dic [v ] using Vi
Di-c[u, v] e vishg Vi

for iom 4o n do:
for we \V do
Jor v e V do
D J < min g Oy Gewd, Do Ll 4 Disi Lipu ] 3

Amll/)sisi 0) e both rurdime ond Soce.
Nete: Con reduce the space Uisage 4o On?)
Bor idom 1 4o n do

for w from 1 4o 1 do

Sr v fom 1o n do
D] — mnfPluvd, P id+D L]
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Al cons

- opproinctions - often kiow emor ~hckor, quity of shdim 18 based on emor Hoctor.
- heurigtics + cften Okaﬂ bt no 3Mamn{1€£/ on q),{ale o Yuntime.
et sdbon - very expensive

Panple 1+ Sbett | Sum

. No lmomY\ Fo&homiai time (’Jﬂmﬁm

e ol s

5od<hncl<in5 1o EXY\ON ol Sibsds

C: Gonhguration
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R:  remairing tems

C(Sf}R{l n

T

C=(8-94, R={a, . n

Qih \
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Cah

feght = 1
4 moles ¢ 0"

fial 5.1} $13 1313

# sibsdts of §1. 01

4 lef podles = 2" (uhen R=§ J)
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P= meﬁnhms Y %r
R= remoinirg denerts ot / 3t
P-fi], P-fal, P-{a} P=nd
R=fi. .nd\i R= O\ R=fu-ond\ B3 | | R=Tuniind
P=31.23, P= fi.n3
R=f1-n\flag R= 1. Y\l\ﬂ'ﬂ
hdghf‘ n L ¥ & Pem\kauﬁvm of Th.m

H leawes ~ n!

err\pm W= ZWl Oll(l \Ze["{w‘
£ we PmUem is alved

T w> W, e hoe a dead-end

T riw < We we have o dend-end.

Rutine: 0@ , befer thon PP W-2"
Olw)
%ackﬁbckyg on @ui)ﬁs
— edges o exdude.
C=N, %) NOX =@
/
e&ges o ndude

Qeneral /\\goﬁjf}\m
Lét /\ be the s OJF ache @rﬁgwaﬁms

wile A# g do
C & yemve fom A
E)q)\mtc
it C ohes the problen then we e done
§ C s o dead-end dhen discod it

the eqand C Ao dild configurations €. -, Ct (by moking hoices)
Ae AU TGS



Bronch- ond - Pound

let A ke Yhe st of adive mwﬁgw&h’ons
Iniﬁa”\bj A sbits uwth a sir\gle oon-pqumhoy\
f)est—asjc <o
whle Az do
C & renove " west promishg” configmation fom A
Beod C 4 G . Gt (by moking oddbioral choies) // Bronch
For i fom | b 4 do:
T G sdves the Pml:lem Hhen
Besk- ot & min (Ped-ast, cost(G))
die G is o deadend Hhen discord
e if lwer-bound(G) < Bet- ost then add G 4o A /- Baind.

Bronch-and - Bound | Br | TSP
Necssary | Cindiions (sl 4o ettt dead-ends)
“E-X i biconneded

“ N has € 2 elges incidet 4p exch vertex
- N contoins 1o qyde (except on all vertices)

Brorch
C= (NIX)
. m/ W&
c-(nUsEl, X) C=(n, xUse})

Cloim- Awy TSP e is a [~tree.

DR

B the min- weigtt \-tree s @ T . fhen the TSP 4oy i cptimal

Gien @ qufiguation (V) , we an effdertly ampite . Mminium weight \~tree.
tht indudes edges in N ond &ismding the edes in X
oss@\ing « u/e\ol}ﬂ: o'F 0

Frd MST on verbies 2. n. AL the o mitimam  weighted elges neidert 4o vedex |
TThen compie the weidht of the |- ree. (sun rec )




Hamitfon Path /* Cycle
Cosit 6 st. @ has o Hontbon Peth ff 6 has Homlton Gde.

Tdea |- odd oneetgﬂe‘bogéi: Q' dont koow whih ez!ge

G/

We toll need 4p test belmeen cvey pair of veties,  ndt o Imony- one.Yefuction
Wea 2= odd one vew vertex adigcent 4 ol vedices 0 @

&

Rubime: (. verbices, Yr\+nedges >+ Mt
Q' s Inear n size compored to G

(oredress
G hos a Hutbonian fth & G hos o Homtlorian chﬁ

Root
() Swpse G hos o Homittorian Poth u.. Un
Then & has a Honiltoion Gyde v uy
(€) Supse & hos o Homitprion Gide.
Then renove v 1o g o Hariitohion Pabh

Noke
This s o Special ase of reduchion, cdled a oy cne. reducton
The subrutine & called on\\vs oree.



Foyavolence of OFEmizahon and Decision [foblems
Maximum InJerM Xt

An independert s s a o o Veties st 1o o ae joived by an edp i @
Opt: Find mosc 3S.
Dec: Gien irteger k, is there on TS of se ¢ k7

Dec ¢ OFJC
- use olpdhm For Ot 4o sdve D

O <o Dec
o b harder,

Bangle - I

. ﬁm{ e max ko lﬂ -lm’qvg k=t,2,., n Using Pec.
- Then find the s with size kot

~ Delde veflex one at o time

I Mox-I8(G-v) = kopt Hen G & Q- v
* Repeat wibl vo vetex an ke delebed

Rutime paynamial (ossunivg olgorithm For Dec takes polyraril ine. )



Cefhﬁcdke/ \/f’ﬂ'ﬂ(tﬂ]oh
Re decision meeMS, not Wﬁmiztﬂim pvtlams.
TP (Decision) € NP
Thearem: T s in AP
Crbficde: @ \)ewnwlzﬂjon of 1 vertices
\/e)riﬁcc&iof\’
L deck f 5 0 Perm\fculion o the. odes
2 check e&ges ek in O
s dek edges Fom a qyde.
b s of uegts < k.

\leifiers vieed. 4o be l)o\yjmm'\al Hime.

X € eX

© X redues o Y
X is easer Hon Y, reJuoirg-Eo horder Froblem.

* Syprse we have o polyromol Ame sibraine for Y, crede a pyrondl time algorithm b X



33 <o Tdondet, S
Thearem. Inde\)en&mt St i in AP
Reduction

Grstugtion (2 v %V %)
One of % % and % st be e

Gih G

Xa Xs
Chase | \erbex for He Tndgperdort St
Pample

(NI A (X V e %)

K X
/x /\ —— et duosyg bth x ond 7
s wo e

In genfml, & e a rroblem Z s Np- cmrleie

I froe Z in NP

2. fve X <pZ For some known NP a;mlpld;e problem X
srce ve b X is M- ol
we Qo hove o polghine dgetin B,
0 e @n Gnsut o cntradidion.




Clioue

A dioye s o aubsel, V' of U/ where every pair of vertioes s e by an elge o copdte skgoh
Tpit: an wdireded shgrah Q= (Vi) ond on g &
Odpt: Does 6 tue o dige o Se > k°

Theorem: C\iqlme 1’ n NP

Grbifiote: o seb of vertices C &omjcuae“ase%s?wﬁces%%muc\iq/m;y\ee&sjmkegmaul»
\erifer -

L each v 5 a vold verbex in G

2 edgesbeb»eenal\roimﬁFC@qs\;wi a

3 2k

Theorem: C‘iq}df— is NP- Oomfle‘l?e

froof: 1 C]iq/ue ik n NP
2. [ A knoun NFﬂcomP\éLe PmHem] <p Clye
Tndependert. St

Redution
Sigpose. e hare o poytine dgritn br Qige, e a pline dprithm deperdert. e

G hosa dipe of szezk # Qs on T of s 2k *
e dipe (6= & K=K
N comf\etanat 3\’0{9\4
Rutime:  Rlynamiol.
Corectress- Kan mee’lﬂ *

froof’ of

®) ldClea c\hotue in 6 wh ld > k. hen sice C isamﬁe‘te
C (e s%srafk n G uth Hhe sme verbices) hos vo edge bebueen any dwo vettices

(© ltcheon Win 6 whh ld>k den sce C s vo aye lebiean any pair of vabics
C hes oneige%rmg?air&\lﬂ‘b‘cmin a % Cisac\ictue LCY



\ertex Cover

A vertec aover s o st VeV sch that evey elge (un)e E hasue V' or veV' (or bath)
Theoren:  Vertex Gover is NF-COmF‘eJte

Fook 1 \C is in NP
2. LA ko NF~Can|é£t ?mHem] <5 \C
Tkl S
Relucton

S\;ﬁose hete is a Fdjbme ajgoﬁl}\m for \C, gwe a Po\\\f\jme ahorerv\ fr IS,
Gordnt G =G, K= nk.

Rudime - fohﬂowal

Grredress: G hos o VC wth sne < K WF & hos an IS of s > k

(=) etV be o \C whthaize € K-k Then G-V is on I8 of s > k
Wy ? Fh ve G-V isnob V' D o edge bebween them

(© Lt V' be an IS wlth 5222 %, Then G- is o VC of spe ¢ k.
Why? Lot ()€ E be oy elpe then ebher ue V' and ve G-’ or bth uy e GV
Hence G-\ s o \C-



3- 87 ¢, Oieclimal Haitbonion | Gyde

Inyud:: Boden formda F clawses G-y Gn o \oriable Wi Vi
Ow\?ﬁ‘ I Here on cesigimert - stisfies £

Redidion

Gt dreted. groph & s ik s soifile € hes o diredted  Hoiton C%A&
Hew: fir eadh varible %, Yee s a fm"c of & (“vorolde ea{gefj Bt hooss whebher % s e or s

— we

/\/W\/‘\ path
v OOCIO0S e
N NN N

We veed o gazﬂget lke ths For ol voriaes.



Dreded,  Hamtorion Gde <p Hamftoion G
?MR&: grapn.

ippose. e X pu;h"me olg for (undiredted) Hom Cucle.
> o oonet, goph 6 o dicected a'

NEEENE
Tl o o1

Wy is v remyired 7



3-SAT <p S Sum

Subset, Sitm
ems 1
t w@ld\‘h W )., Wa

. "lmg& W
Reduction:

Froode he i of bodean ormlse T ito the “bks' of e mumbers we use for we’@&s,

N Ka oo %G G Cw

X || 0

K| ) Q |I|

| |t [ rnle cuse o e
m .l 0BG bV KV )
a O e

1% Hin

Si 1

S 2

; U

Sx 2

Sn Q R
S, 2
Subeet-

- Weights 'MJoa?r%L e o a5 o rumber
- chose o sibseh of weglts

: choosiv@ Tows
~use brse-lo avod comy-over

) G
JL' |+§ora+:llor 3+\\L
T(}lﬂe : (sdbS‘Be(l + S\ack)
\\Nnv&%/_cmonﬁdmsem beueen, - and 6, o =1

« Fepose. of dack- el comt be voridle . need 1 be fed



Awdema\ivn Algorttms

- Hawitics - Hhere mght ke v0 guamrtee on e nrtme on e qualy & Ye sion
: Awrox'\maﬁon algoﬁﬁvm
- neoq optinel solion
= ‘xijnomia‘ e ond o @uurwrbrk on the q/ual*g o e sdubion
- for o minioizobn probem,  might; gua/wf[#
~The ot of Ye apinde shdion €
- The ot of e ofhmal soldion: C*
- Aposcion oo of on opproinabe.  algorithm - pln)
- morimzdtion pobem = C* < pn) C
~ wirizabon problem € ¢ 66 C*
= In both ses. (0 7

Vetex Gover
Optimizdion  protem: find o mimnun size vertex cover
Greedy Algortthm 1

Ceg
E<@QE
whle F # ¢
V= Verlex uith movimumn degree
C < cuig
E &< |- fa&aes covered by v
reum C.

Rurtine: ~ polanial
Ppposingtion foctor- |~ Ologn) 1, constart

C ?C&e?\,

n



Gnﬂqg A\goﬁ‘B\m 2

APPROX - VERTEX - CoveR
Cc=d A
E - GE
whle E # o b c
& W) € E Leor\g ark"&xm&e&geo? E'
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